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ABSTRACT
In this paper, we will study the dynamic network regression problem, which fo-
cuses on inferring both individual entities’ changing attribute values and the dy-
namic relationships among the entities in the network data simultaneously. To
resolve the problem, a novel graph neural network, namely graph neural lasso
(GNL), will be proposed in this paper. To model the real-time changes of nodes
in the network, GNL extends gated diffusive unit (GDU) to the regression sce-
nario and uses it as the basic neuron unit. GNL can effectively model the dynamic
relationships among the nodes based on an attention mechanism.
1 INTRODUCTION
Network provides a general representation of many inter-connected data from various disciplines,
e.g., human brain graphs Bullmore & Bassett (2011), financial stock market Namaki et al. (2011)
and sensory systems in autopilot vehicles Litman (2013). By modeling the data instances as the
nodes and their relationships as the links, data collected from these areas can all be represented
as networks. In many of the cases, the individual entities (i.e., the nodes) involved in the network
are also associated with certain attributes whose values may change with time. The historical value
changing records of the individual entities will lead to a set of time-series data points associated with
the nodes. Due to the extensive links among the entities, the attribute changes of connected entities
may display certain correlations; whereas, as the entity attribute value changes, the relationships
among the instances should also evolve dynamically.
Learning the attribute changing patterns of individual nodes and the evolution dynamics of the ex-
tensive links in the networks can be both important problems. For instance, with brain imaging
techniques (e.g., fMRI, CT or EEG) Raichle (2009), the brain regional activity data can be repre-
sented as a dynamic network. Learning the brain activities and their correlations can provide crucial
signals for illustrating some brain diseases and disorders, like Alzheimer’s disease and cognitive im-
pairment Williams et al. (2010). It is similar for the stock market network and the sensory network
in autopilot vehicles. By learning the stock price changing patterns and their relationships, financial
quantitative analysts will be able to build modes for more accurate stock price inference Mitchell
& Stafford (2000). Meanwhile, based on the sensors’ real-time states and their mechanical/logical
relationships in autopilot vehicles, the autopilot system can determine the actions to be performed
for potential motion adjustments Bojarski et al. (2016).
Problem Studied: In this paper, we will study the dynamic network regression problem, which
focuses on inferring both individual entities’ changing attribute values and the dynamic relationships
among the entities in the network data simultaneously. To resolve the problem, a novel graph neural
network, namely graph neural lasso (GNL), will be proposed in this paper. To model the real-time
changes of nodes in the network, GNL extends gated diffusive unit (GDU) Zhang et al. (2018) to
the regression scenario and uses it as the basic neuron unit. GNL can effectively model the dynamic
relationships among the nodes based on an attention mechanism.
The GNL model proposed in this paper is a brand new model and has clear distinctions with the
existing approaches. Different from the regression models, e.g., LASSO Tibshirani (1994), GLASSO
Friedman et al. (2008), KERNEL Zhou et al. (2010) and TVGL Hallac et al. (2017), GNL is a graph
neural network model and can be extended to a deeper architecture for modeling much more complex
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input data. Meanwhile, compared with the existing graph neural networks for classifications, e.g.,
graph convolution network Kipf & Welling (2016) and graph attention network Velicˇkovic´ et al.
(2018), GNL is proposed for the regression task instead. What’s more, GNL doesn’t need to take
the network structure information as the input like the existing graph neural networks, which can
be inferred by GNL instead in the learning process. In addition, with both the gate approach and
attention mechanism, GNL can resolve the over-smoothing problem Li et al. (2018) observed from
the existing graph neural networks.
To illustrate the effectiveness of our method GNL, extensive experiments will be done this paper
based on several real-world datasets. The experimental results demonstrate that GNL can outperform
the existing graphical regression models, i.e., LASSO, GLASSO, KERNEL, TVGL and LSTM, for
networked data with great advantages. Both the data and code used in this paper have been released
online1 for experimental result reproduction.
2 METHOD
In this section, we will first introduce the notations used in this paper, and then describe the extended
GDU neuron for the dynamic network regression problem. After that, we will introduce the attentive
aggregation operator for neighbor information integration and the GNL model architecture as well
as its learning process.
2.1 NOTATION
In the sequel of this paper, we will use the lower case letters (e.g., x) to represent scalars, lower
case bold letters (e.g., x) to denote column vectors, bold-face upper case letters (e.g., X) to denote
matrices, and upper case calligraphic letters (e.g., X ) to denote sets or high-order tensors. Given
a matrix X, we denote X(i, :) and X(:, j) as its ith row and jth column, respectively. The (ith,
jth) entry of matrix X can be denoted as either X(i, j) or Xi,j , which will be used interchange-
ably. We use X> and x> to represent the transpose of matrix X and vector x. For vector x, we
represent its Lp-norm as ‖x‖p = (
∑
i |x(i)|p)
1
p . The Frobenius-norm of matrix X is represented as
‖X‖F = (
∑
i,j |X(i, j)|2)
1
2 . The element-wise product of vectors x and y of the same dimension
is represented as x⊗ y, whose concatenation is represented as x unionsq y.
2.2 GATED DIFFUSIVE UNIT
The GDU neuron was initially introduced for modeling the diverse connections in heterogeneous
information networks Zhang et al. (2018), which can accept multiple inputs from the neighbor nodes
in networks. In this part, we will extend it to the dynamic network regression problem settings,
and use it to model both the network snapshot internal connections and the temporal dependency
relationships between sequential network snapshots for the nodes.
Formally, given the time series data of connected entities, we can represent them as a dynamic net-
work set G = {G(1), G(2), · · · , G(t)}, where t denotes the maximum timestamp. For each network
G(τ) ∈ G, it can be denoted as G(τ) = (V(τ), E(τ)) involving the node set V(τ) and link set E(τ),
respectively. Given a node vi in network G(τ), we can represent its in-neighbors and out-neighbors
as sets Γin(vi) = {vj |vj ∈ V(τ)∧(vj , vi) ∈ E(τ)} and Γout(vi) = {vj |vj ∈ V(τ)∧(vi, vj) ∈ E(τ)}.
Here, we need to add a remark that the link direction denotes the influences among the nodes. If the
influences in the studied networks are bi-directional, we can have Γin(vi) = Γout(vi) by default.
For node vi in network G(τ) of the τth timestamp, we can denote the input attribute values of vi as
an input feature vector x(τ)i ∈ Rdx . GDU maintains a hidden state vector for each node, and the
vector of node vi at timestamp τ can be denoted as h
(τ)
i ∈ Rdh . As illustrated in Figure 1, besides
the feature vector x(τ)i and hidden state vector h
(τ)
i inputs, the GDU neuron of vi will also accept
the inputs from vi’s input neighbor nodes, i.e., {h(τ)j }vj∈Γin(vi), which will be integrated via certain
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Figure 1: The detailed architecture of the GDU
neuron of node vi at timestamp τ .
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x4<latexit sha1_base64="ba0HICmxYqjGWtck9s4cGZcnOII=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY9FLx4rmFZoQ9lsp+3SzSbsbsQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9d gpr6xubW8Xt0s7u3v5B+fCopeNUMfRZLGL1EFKNgkv0DTcCHxKFNAoFtsPxzcxvP6LSPJb3ZpJgENGh5APOqLGSX33qXVR75Ypbc+cgq8TLSQVyNHvlr24/ZmmE0jBBte54bmKCjCrDmcBpqZtqTCgb0yF2LJU0Qh1k82On5MwqfTKIlS1pyFz9PZHRSOtJFNrOiJqRXvZm4n9eJzWDqyDjMkkNSrZYNEgFMTGZfU76XCEzYmIJZYrbWwkbUUWZsfmUbAje8surpFWveW7Nu6tXGtd5HEU4gVM4Bw8uoQG30AQfGHB4hld4c6 Tz4rw7H4vWgpPPHMMfOJ8/yCmN/Q==</latexit><latexit sha1_base64="ba0HICmxYqjGWtck9s4cGZcnOII=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY9FLx4rmFZoQ9lsp+3SzSbsbsQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9d gpr6xubW8Xt0s7u3v5B+fCopeNUMfRZLGL1EFKNgkv0DTcCHxKFNAoFtsPxzcxvP6LSPJb3ZpJgENGh5APOqLGSX33qXVR75Ypbc+cgq8TLSQVyNHvlr24/ZmmE0jBBte54bmKCjCrDmcBpqZtqTCgb0yF2LJU0Qh1k82On5MwqfTKIlS1pyFz9PZHRSOtJFNrOiJqRXvZm4n9eJzWDqyDjMkkNSrZYNEgFMTGZfU76XCEzYmIJZYrbWwkbUUWZsfmUbAje8surpFWveW7Nu6tXGtd5HEU4gVM4Bw8uoQG30AQfGHB4hld4c6 Tz4rw7H4vWgpPPHMMfOJ8/yCmN/Q==</latexit><latexit sha1_base64="ba0HICmxYqjGWtck9s4cGZcnOII=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY9FLx4rmFZoQ9lsp+3SzSbsbsQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9d gpr6xubW8Xt0s7u3v5B+fCopeNUMfRZLGL1EFKNgkv0DTcCHxKFNAoFtsPxzcxvP6LSPJb3ZpJgENGh5APOqLGSX33qXVR75Ypbc+cgq8TLSQVyNHvlr24/ZmmE0jBBte54bmKCjCrDmcBpqZtqTCgb0yF2LJU0Qh1k82On5MwqfTKIlS1pyFz9PZHRSOtJFNrOiJqRXvZm4n9eJzWDqyDjMkkNSrZYNEgFMTGZfU76XCEzYmIJZYrbWwkbUUWZsfmUbAje8surpFWveW7Nu6tXGtd5HEU4gVM4Bw8uoQG30AQfGHB4hld4c6 Tz4rw7H4vWgpPPHMMfOJ8/yCmN/Q==</latexit><latexit sha1_base64="ba0HICmxYqjGWtck9s4cGZcnOII=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY9FLx4rmFZoQ9lsp+3SzSbsbsQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBFcG9f9d gpr6xubW8Xt0s7u3v5B+fCopeNUMfRZLGL1EFKNgkv0DTcCHxKFNAoFtsPxzcxvP6LSPJb3ZpJgENGh5APOqLGSX33qXVR75Ypbc+cgq8TLSQVyNHvlr24/ZmmE0jBBte54bmKCjCrDmcBpqZtqTCgb0yF2LJU0Qh1k82On5MwqfTKIlS1pyFz9PZHRSOtJFNrOiJqRXvZm4n9eJzWDqyDjMkkNSrZYNEgFMTGZfU76XCEzYmIJZYrbWwkbUUWZsfmUbAje8surpFWveW7Nu6tXGtd5HEU4gVM4Bw8uoQG30AQfGHB4hld4c6 Tz4rw7H4vWgpPPHMMfOJ8/yCmN/Q==</latexit>
t1 t2 t3
v1<latexit sha1_base64="xOYiOwha2kOVAcw2qtbUvWCLq8g=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfMwYa9vcvuHgkh/AYbC42x9QfZ+W9c4AoFXzLJy3szmZkXpoJr47rfT mFre2d3r7hfOjg8Oj4pn561dJIphj5LRKI6IdUouETfcCOwkyqkcSiwHY7vF357gkrzRD6ZaYpBTIeSR5xRYyW/Oul71X654tbcJcgm8XJSgRzNfvmrN0hYFqM0TFCtu56bmmBGleFM4LzUyzSmlI3pELuWShqjDmbLY+fkyioDEiXKljRkqf6emNFY62kc2s6YmpFe9xbif143M9FtMOMyzQxKtloUZYKYhCw+JwOukBkxtYQyxe2thI2ooszYfEo2BG/95U3Sqtc8t+Y91iuNuzyOIlzAJVyDBzfQgAdogg8MODzDK7w50n lx3p2PVWvByWfO4Q+czx/AjI34</latexit><latexit sha1_base64="xOYiOwha2kOVAcw2qtbUvWCLq8g=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfMwYa9vcvuHgkh/AYbC42x9QfZ+W9c4AoFXzLJy3szmZkXpoJr47rfT mFre2d3r7hfOjg8Oj4pn561dJIphj5LRKI6IdUouETfcCOwkyqkcSiwHY7vF357gkrzRD6ZaYpBTIeSR5xRYyW/Oul71X654tbcJcgm8XJSgRzNfvmrN0hYFqM0TFCtu56bmmBGleFM4LzUyzSmlI3pELuWShqjDmbLY+fkyioDEiXKljRkqf6emNFY62kc2s6YmpFe9xbif143M9FtMOMyzQxKtloUZYKYhCw+JwOukBkxtYQyxe2thI2ooszYfEo2BG/95U3Sqtc8t+Y91iuNuzyOIlzAJVyDBzfQgAdogg8MODzDK7w50n lx3p2PVWvByWfO4Q+czx/AjI34</latexit><latexit sha1_base64="xOYiOwha2kOVAcw2qtbUvWCLq8g=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfMwYa9vcvuHgkh/AYbC42x9QfZ+W9c4AoFXzLJy3szmZkXpoJr47rfT mFre2d3r7hfOjg8Oj4pn561dJIphj5LRKI6IdUouETfcCOwkyqkcSiwHY7vF357gkrzRD6ZaYpBTIeSR5xRYyW/Oul71X654tbcJcgm8XJSgRzNfvmrN0hYFqM0TFCtu56bmmBGleFM4LzUyzSmlI3pELuWShqjDmbLY+fkyioDEiXKljRkqf6emNFY62kc2s6YmpFe9xbif143M9FtMOMyzQxKtloUZYKYhCw+JwOukBkxtYQyxe2thI2ooszYfEo2BG/95U3Sqtc8t+Y91iuNuzyOIlzAJVyDBzfQgAdogg8MODzDK7w50n lx3p2PVWvByWfO4Q+czx/AjI34</latexit><latexit sha1_base64="xOYiOwha2kOVAcw2qtbUvWCLq8g=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfMwYa9vcvuHgkh/AYbC42x9QfZ+W9c4AoFXzLJy3szmZkXpoJr47rfT mFre2d3r7hfOjg8Oj4pn561dJIphj5LRKI6IdUouETfcCOwkyqkcSiwHY7vF357gkrzRD6ZaYpBTIeSR5xRYyW/Oul71X654tbcJcgm8XJSgRzNfvmrN0hYFqM0TFCtu56bmmBGleFM4LzUyzSmlI3pELuWShqjDmbLY+fkyioDEiXKljRkqf6emNFY62kc2s6YmpFe9xbif143M9FtMOMyzQxKtloUZYKYhCw+JwOukBkxtYQyxe2thI2ooszYfEo2BG/95U3Sqtc8t+Y91iuNuzyOIlzAJVyDBzfQgAdogg8MODzDK7w50n lx3p2PVWvByWfO4Q+czx/AjI34</latexit>
v2<latexit sha1_base64="u7Mobe7k1813CeqxhjX9fe2d4kg=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfMwYa9vcvuHgkh/AYbC42x9QfZ+W9c4AoFXzLJy3szmZkXpoJr47rfT mFre2d3r7hfOjg8Oj4pn561dJIphj5LRKI6IdUouETfcCOwkyqkcSiwHY7vF357gkrzRD6ZaYpBTIeSR5xRYyW/OunXq/1yxa25S5BN4uWkAjma/fJXb5CwLEZpmKBadz03NcGMKsOZwHmpl2lMKRvTIXYtlTRGHcyWx87JlVUGJEqULWnIUv09MaOx1tM4tJ0xNSO97i3E/7xuZqLbYMZlmhmUbLUoygQxCVl8TgZcITNiagllittbCRtRRZmx+ZRsCN76y5ukVa95bs17rFcad3kcRbiAS7gGD26gAQ/QBB8YcHiGV3hzpP PivDsfq9aCk8+cwx84nz/CEY35</latexit><latexit sha1_base64="u7Mobe7k1813CeqxhjX9fe2d4kg=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfMwYa9vcvuHgkh/AYbC42x9QfZ+W9c4AoFXzLJy3szmZkXpoJr47rfT mFre2d3r7hfOjg8Oj4pn561dJIphj5LRKI6IdUouETfcCOwkyqkcSiwHY7vF357gkrzRD6ZaYpBTIeSR5xRYyW/OunXq/1yxa25S5BN4uWkAjma/fJXb5CwLEZpmKBadz03NcGMKsOZwHmpl2lMKRvTIXYtlTRGHcyWx87JlVUGJEqULWnIUv09MaOx1tM4tJ0xNSO97i3E/7xuZqLbYMZlmhmUbLUoygQxCVl8TgZcITNiagllittbCRtRRZmx+ZRsCN76y5ukVa95bs17rFcad3kcRbiAS7gGD26gAQ/QBB8YcHiGV3hzpP PivDsfq9aCk8+cwx84nz/CEY35</latexit><latexit sha1_base64="u7Mobe7k1813CeqxhjX9fe2d4kg=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfMwYa9vcvuHgkh/AYbC42x9QfZ+W9c4AoFXzLJy3szmZkXpoJr47rfT mFre2d3r7hfOjg8Oj4pn561dJIphj5LRKI6IdUouETfcCOwkyqkcSiwHY7vF357gkrzRD6ZaYpBTIeSR5xRYyW/OunXq/1yxa25S5BN4uWkAjma/fJXb5CwLEZpmKBadz03NcGMKsOZwHmpl2lMKRvTIXYtlTRGHcyWx87JlVUGJEqULWnIUv09MaOx1tM4tJ0xNSO97i3E/7xuZqLbYMZlmhmUbLUoygQxCVl8TgZcITNiagllittbCRtRRZmx+ZRsCN76y5ukVa95bs17rFcad3kcRbiAS7gGD26gAQ/QBB8YcHiGV3hzpP PivDsfq9aCk8+cwx84nz/CEY35</latexit><latexit sha1_base64="u7Mobe7k1813CeqxhjX9fe2d4kg=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfMwYa9vcvuHgkh/AYbC42x9QfZ+W9c4AoFXzLJy3szmZkXpoJr47rfT mFre2d3r7hfOjg8Oj4pn561dJIphj5LRKI6IdUouETfcCOwkyqkcSiwHY7vF357gkrzRD6ZaYpBTIeSR5xRYyW/OunXq/1yxa25S5BN4uWkAjma/fJXb5CwLEZpmKBadz03NcGMKsOZwHmpl2lMKRvTIXYtlTRGHcyWx87JlVUGJEqULWnIUv09MaOx1tM4tJ0xNSO97i3E/7xuZqLbYMZlmhmUbLUoygQxCVl8TgZcITNiagllittbCRtRRZmx+ZRsCN76y5ukVa95bs17rFcad3kcRbiAS7gGD26gAQ/QBB8YcHiGV3hzpP PivDsfq9aCk8+cwx84nz/CEY35</latexit>
v3
<latexit sha1_base64="UjDkvy783poP/o8uut0KcUCCA1M=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLiIQlcyN4yBxv29i67eySE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemAqujet+O 4WNza3tneJuaW//4PCofHzS0kmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAp3B0N/efxqg0T+SjmaQYxHQgecQZNVbyq+PeVbVXrrg1dwGyTrycVCBHs1f+6vYTlsUoDRNU647npiaYUmU4EzgrdTONKWUjOsCOpZLGqIPp4tgZubBKn0SJsiUNWai/J6Y01noSh7YzpmaoV725+J/XyUx0E0y5TDODki0XRZkgJiHzz0mfK2RGTCyhTHF7K2FDqigzNp+SDcFbfXmdtOo1z615D/VK4zaPowhncA6X4ME1NOAemuADAw7P8Apvjn RenHfnY9lacPKZU/gD5/MHw5aN+g==</latexit><latexit sha1_base64="UjDkvy783poP/o8uut0KcUCCA1M=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLiIQlcyN4yBxv29i67eySE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemAqujet+O 4WNza3tneJuaW//4PCofHzS0kmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAp3B0N/efxqg0T+SjmaQYxHQgecQZNVbyq+PeVbVXrrg1dwGyTrycVCBHs1f+6vYTlsUoDRNU647npiaYUmU4EzgrdTONKWUjOsCOpZLGqIPp4tgZubBKn0SJsiUNWai/J6Y01noSh7YzpmaoV725+J/XyUx0E0y5TDODki0XRZkgJiHzz0mfK2RGTCyhTHF7K2FDqigzNp+SDcFbfXmdtOo1z615D/VK4zaPowhncA6X4ME1NOAemuADAw7P8Apvjn RenHfnY9lacPKZU/gD5/MHw5aN+g==</latexit><latexit sha1_base64="UjDkvy783poP/o8uut0KcUCCA1M=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLiIQlcyN4yBxv29i67eySE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemAqujet+O 4WNza3tneJuaW//4PCofHzS0kmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAp3B0N/efxqg0T+SjmaQYxHQgecQZNVbyq+PeVbVXrrg1dwGyTrycVCBHs1f+6vYTlsUoDRNU647npiaYUmU4EzgrdTONKWUjOsCOpZLGqIPp4tgZubBKn0SJsiUNWai/J6Y01noSh7YzpmaoV725+J/XyUx0E0y5TDODki0XRZkgJiHzz0mfK2RGTCyhTHF7K2FDqigzNp+SDcFbfXmdtOo1z615D/VK4zaPowhncA6X4ME1NOAemuADAw7P8Apvjn RenHfnY9lacPKZU/gD5/MHw5aN+g==</latexit><latexit sha1_base64="UjDkvy783poP/o8uut0KcUCCA1M=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstCTaWGLiIQlcyN4yBxv29i67eySE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZemAqujet+O 4WNza3tneJuaW//4PCofHzS0kmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAp3B0N/efxqg0T+SjmaQYxHQgecQZNVbyq+PeVbVXrrg1dwGyTrycVCBHs1f+6vYTlsUoDRNU647npiaYUmU4EzgrdTONKWUjOsCOpZLGqIPp4tgZubBKn0SJsiUNWai/J6Y01noSh7YzpmaoV725+J/XyUx0E0y5TDODki0XRZkgJiHzz0mfK2RGTCyhTHF7K2FDqigzNp+SDcFbfXmdtOo1z615D/VK4zaPowhncA6X4ME1NOAemuADAw7P8Apvjn RenHfnY9lacPKZU/gD5/MHw5aN+g==</latexit>
v4<latexit sha1_base64="NVh68MwmdgyR6EEXBJtaJenIPYY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY9FLx4rmFpoQ9lsJ+3SzSbsbgql9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777 RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqHVKNgkv0DTcC26lCGocCn8LR3dx/GqPSPJGPZpJiENOB5BFn1FjJr457V9VeueLW3AXIOvFyUoEczV75q9tPWBajNExQrTuem5pgSpXhTOCs1M00ppSN6AA7lkoaow6mi2Nn5MIqfRIlypY0ZKH+npjSWOtJHNrOmJqhXvXm4n9eJzPRTTDlMs0MSrZcFGWCmITMPyd9rpAZMbGEMsXtrYQNqaLM2HxKNgRv9eV10qrXPLfmPdQrjds8jiKcwTlcggfX0IB7aIIPDDg8wyu8Od J5cd6dj2VrwclnTuEPnM8fxRuN+w==</latexit><latexit sha1_base64="NVh68MwmdgyR6EEXBJtaJenIPYY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY9FLx4rmFpoQ9lsJ+3SzSbsbgql9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777 RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqHVKNgkv0DTcC26lCGocCn8LR3dx/GqPSPJGPZpJiENOB5BFn1FjJr457V9VeueLW3AXIOvFyUoEczV75q9tPWBajNExQrTuem5pgSpXhTOCs1M00ppSN6AA7lkoaow6mi2Nn5MIqfRIlypY0ZKH+npjSWOtJHNrOmJqhXvXm4n9eJzPRTTDlMs0MSrZcFGWCmITMPyd9rpAZMbGEMsXtrYQNqaLM2HxKNgRv9eV10qrXPLfmPdQrjds8jiKcwTlcggfX0IB7aIIPDDg8wyu8Od J5cd6dj2VrwclnTuEPnM8fxRuN+w==</latexit><latexit sha1_base64="NVh68MwmdgyR6EEXBJtaJenIPYY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY9FLx4rmFpoQ9lsJ+3SzSbsbgql9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777 RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqHVKNgkv0DTcC26lCGocCn8LR3dx/GqPSPJGPZpJiENOB5BFn1FjJr457V9VeueLW3AXIOvFyUoEczV75q9tPWBajNExQrTuem5pgSpXhTOCs1M00ppSN6AA7lkoaow6mi2Nn5MIqfRIlypY0ZKH+npjSWOtJHNrOmJqhXvXm4n9eJzPRTTDlMs0MSrZcFGWCmITMPyd9rpAZMbGEMsXtrYQNqaLM2HxKNgRv9eV10qrXPLfmPdQrjds8jiKcwTlcggfX0IB7aIIPDDg8wyu8Od J5cd6dj2VrwclnTuEPnM8fxRuN+w==</latexit><latexit sha1_base64="NVh68MwmdgyR6EEXBJtaJenIPYY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IUQY9FLx4rmFpoQ9lsJ+3SzSbsbgql9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777 RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqHVKNgkv0DTcC26lCGocCn8LR3dx/GqPSPJGPZpJiENOB5BFn1FjJr457V9VeueLW3AXIOvFyUoEczV75q9tPWBajNExQrTuem5pgSpXhTOCs1M00ppSN6AA7lkoaow6mi2Nn5MIqfRIlypY0ZKH+npjSWOtJHNrOmJqhXvXm4n9eJzPRTTDlMs0MSrZcFGWCmITMPyd9rpAZMbGEMsXtrYQNqaLM2HxKNgRv9eV10qrXPLfmPdQrjds8jiKcwTlcggfX0IB7aIIPDDg8wyu8Od J5cd6dj2VrwclnTuEPnM8fxRuN+w==</latexit>
v1<latexit sha1_base64="xOYiOwha2kOVAcw2qtbUvWCLq8g=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfMwYa9vcvuHgkh/AYbC42x9QfZ+W9c4AoFXzLJy3szmZkXpoJr47rfT mFre2d3r7hfOjg8Oj4pn561dJIphj5LRKI6IdUouETfcCOwkyqkcSiwHY7vF357gkrzRD6ZaYpBTIeSR5xRYyW/Oul71X654tbcJcgm8XJSgRzNfvmrN0hYFqM0TFCtu56bmmBGleFM4LzUyzSmlI3pELuWShqjDmbLY+fkyioDEiXKljRkqf6emNFY62kc2s6YmpFe9xbif143M9FtMOMyzQxKtloUZYKYhCw+JwOukBkxtYQyxe2thI2ooszYfEo2BG/95U3Sqtc8t+Y91iuNuzyOIlzAJVyDBzfQgAdogg8MODzDK7w50n lx3p2PVWvByWfO4Q+czx/AjI34</latexit><latexit sha1_base64="xOYiOwha2kOVAcw2qtbUvWCLq8g=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfMwYa9vcvuHgkh/AYbC42x9QfZ+W9c4AoFXzLJy3szmZkXpoJr47rfT mFre2d3r7hfOjg8Oj4pn561dJIphj5LRKI6IdUouETfcCOwkyqkcSiwHY7vF357gkrzRD6ZaYpBTIeSR5xRYyW/Oul71X654tbcJcgm8XJSgRzNfvmrN0hYFqM0TFCtu56bmmBGleFM4LzUyzSmlI3pELuWShqjDmbLY+fkyioDEiXKljRkqf6emNFY62kc2s6YmpFe9xbif143M9FtMOMyzQxKtloUZYKYhCw+JwOukBkxtYQyxe2thI2ooszYfEo2BG/95U3Sqtc8t+Y91iuNuzyOIlzAJVyDBzfQgAdogg8MODzDK7w50n lx3p2PVWvByWfO4Q+czx/AjI34</latexit><latexit sha1_base64="xOYiOwha2kOVAcw2qtbUvWCLq8g=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfMwYa9vcvuHgkh/AYbC42x9QfZ+W9c4AoFXzLJy3szmZkXpoJr47rfT mFre2d3r7hfOjg8Oj4pn561dJIphj5LRKI6IdUouETfcCOwkyqkcSiwHY7vF357gkrzRD6ZaYpBTIeSR5xRYyW/Oul71X654tbcJcgm8XJSgRzNfvmrN0hYFqM0TFCtu56bmmBGleFM4LzUyzSmlI3pELuWShqjDmbLY+fkyioDEiXKljRkqf6emNFY62kc2s6YmpFe9xbif143M9FtMOMyzQxKtloUZYKYhCw+JwOukBkxtYQyxe2thI2ooszYfEo2BG/95U3Sqtc8t+Y91iuNuzyOIlzAJVyDBzfQgAdogg8MODzDK7w50n lx3p2PVWvByWfO4Q+czx/AjI34</latexit><latexit sha1_base64="xOYiOwha2kOVAcw2qtbUvWCLq8g=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfMwYa9vcvuHgkh/AYbC42x9QfZ+W9c4AoFXzLJy3szmZkXpoJr47rfT mFre2d3r7hfOjg8Oj4pn561dJIphj5LRKI6IdUouETfcCOwkyqkcSiwHY7vF357gkrzRD6ZaYpBTIeSR5xRYyW/Oul71X654tbcJcgm8XJSgRzNfvmrN0hYFqM0TFCtu56bmmBGleFM4LzUyzSmlI3pELuWShqjDmbLY+fkyioDEiXKljRkqf6emNFY62kc2s6YmpFe9xbif143M9FtMOMyzQxKtloUZYKYhCw+JwOukBkxtYQyxe2thI2ooszYfEo2BG/95U3Sqtc8t+Y91iuNuzyOIlzAJVyDBzfQgAdogg8MODzDK7w50n lx3p2PVWvByWfO4Q+czx/AjI34</latexit>
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Figure 2: The framework outline of GNL
based on GDU.
aggregation operators:
z
(τ)
i = Aggregate
(
{h(τ)j }vj∈Γin(vi)
)
. (1)
The Aggregate(·) operator used in GNL will be introduced in detail in the next subsection.
A common problem with existing graph neural network models is over-smoothing Li et al. (2018),
which will reduce all the nodes in the network to similar hidden representations. Such a problem will
be much more serious when the model involves a deep architecture with multiple layers, like GNL
studied in this paper. To resolve such a problem, besides the attention mechanism to be introduced
later, GDU introduces several gates for the neural state adjustment. Formally, for the aggregated
inputs from the neighbor nodes, certain information in vector z(τ)i can be useless for the state up-
date of node vi. To remove such useless information, GDU defines a forget gate fi to adjust its
representations as follows:
z˜
(τ)
i = fi ⊗ z(τ)i , where fi = σ
(
Wf
[
x
(τ)
i unionsq z(τ)i unionsq h(τ)i
])
, (2)
where σ(·) denotes sigmoid activation function and Wf is the involved variable. In the above
equation, the super-script (τ) of the gate is omitted for simpler representations. Meanwhile, GDU
also introduces a similar evolve gate ei for adjusting the hidden state vector of vi:
h˜
(τ)
i = ei ⊗ h(τ)i , where ei = σ
(
We
[
x
(τ)
i unionsq z(τ)i unionsq h(τ)i
])
. (3)
Neuron GDU effectively integrates the useful information from x(τ)i , z˜i and h˜i to define the updated
hidden state of node vi. Instead of simple summation, integration of such information is achieved
via two selection gates gi and ri indicated as follows:
h
(τ+1)
i = gi ⊗ ri ⊗ tanh
(
Wu
[
x
(τ)
i unionsq z˜(τ)i unionsq h˜(τ)i
])
+ (1− gi)⊗ ri ⊗ tanh
(
Wu
[
x
(τ)
i unionsq z(τ)i unionsq h˜(τ)i
])
+ gi ⊗ (1− ri)⊗ tanh
(
Wu
[
x
(τ)
i unionsq z˜(τ)i unionsq h(τ)i
])
+ (1− gi)⊗ (1− ri)⊗ tanh
(
Wu
[
x
(τ)
i unionsq z(τ)i unionsq h(τ)i
])
, where

gi=σ
(
Wg
[
x
(τ)
i unionsq z(τ)i unionsq h(τ)i
])
;
ri=σ
(
Wr
[
x
(τ)
i unionsq z(τ)i unionsq h(τ)i
])
.
(4)
In the above equation, vector 1 denotes a vector filled with value 1 of the same dimensions as the
selection gate vectors gi and ri. Operator tanh(·) denotes the hyperbolic tangent activation function
and ⊗ denotes the entry-wise product as introduced in Section 2.1.
2.3 ATTENTIVE NEIGHBORHOOD INFLUENCE AGGREGATION OPERATOR
In this part, we will define the Aggregate(·) operator used in Equ. (1) for node neighborhood in-
fluence integration. The GNL model defines such an operator based on an attention mechanism.
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Formally, given the node vi and its in-neighbor set Γin(vi), for any node vj ∈ Γin(vi), GNL quanti-
fies the influence coefficient of vj on vi based on their hidden state vectors h
(τ)
j and h
(τ)
i as follows:
α
(τ)
j,i = AttInf(e
(τ)
j,i ) =
exp(e
(τ)
j,i )∑
vk∈Γout(vj) exp(e
(τ)
j,k )
, where e(τ)j,i = Linear(Wah
(τ)
j unionsqWah
(τ)
i ;wa). (5)
In the above equation, operator Linear(·; wa) denotes a linear sum of the input vector parameterized
by weight vector wa. According to Velicˇkovic´ et al. (2018), out of the model learning concerns, the
above influence coefficient term can be slightly changed by adding the LeakyReLU function into its
definition. Formally, the final influence coefficient used in GNL is represented as follows:
α
(τ)
j,i = AttInf(h
(τ)
j ,h
(τ)
i ;Wa,wa) =
exp(LeakyReLU(Linear(Wah(τ)j unionsqWah(τ)i ;wa)))∑
vk∈Γout(vj) exp(LeakyReLU(Linear(Wah
(τ)
j unionsqWah(τ)k ;wa)))
. (6)
Considering that in our problem setting the links in the dynamic networks are unknown and to be
inferred, the above influence coefficient term αj,i actually quantifies the existence probability of the
influence link (vj , vi), i.e., the inference results of the links. Furthermore, based on the influence
coefficient, we can provide the concrete representation of Equ. (1) as follows:
z
(τ)
i = Aggregate
(
{h(τ)j }vj∈Γin(vi)
)
= σ
 ∑
vj∈Γin(vi)
α
(τ)
j,i Wah
(τ)
j
 . (7)
2.4 GRAPH NEURAL LASSO WITH DYNAMIC ATTENTIONS
In this part, we will introduce the architecture of the GNL model together with its learning settings.
Formally, given the input dynamic network set G = {G(1), G(2), · · · , G(t)}, GNL shifts a window
of size τ along the networks in the order of their timestamps. The network snapshots covered by
the window, e.g., G(k), G(k+1), · · · , G(k+τ−1), will be taken as the model input of GNL to infer the
network G(k+τ) in following timestamp (where k, k + 1, · · · , k + τ ∈ {1, 2, · · · , t}). According to
the above descriptions, we can denote the inferred attribute values of all the nodes and their potential
influence links in network G(k+τ) as
xˆ
(τ+1)
i = FC(h
(τ+1)
i ; Θ),∀vi ∈ V(τ+1);
α
(τ)
j,i = AttInf(h
(τ+1)
j ,h
(τ+1)
i ; Θ),∀vi, vj ∈ V(τ+1),
(8)
In the above equation, term h(τ+1)i is defined in Equ. (4) and Θ covers all the involved variables used
in the GNL model. By comparing the inferred node attribute values, e.g., xˆ(τ+1)i , against the ground
truth values, e.g., x(τ+1)i , the quality of the inference results by GNL can be effectively measured
with some loss functions, e.g., mean square error:
`(Θ) =
1
|V(τ+1)|
∑
vi∈V(τ+1)
`(Θ; vi) =
1
|V(τ+1)|
∑
vi∈V(τ+1)
∥∥∥xˆ(τ+1)i − x(τ+1)i ∥∥∥2
2
. (9)
In addition, similar to LASSO, to avoid overfitting, GNL proposes to add a regularization term in the
objective function to maintain the sparsity of the variables. Formally, the final objective function of
the GNL model can be represented as follows:
min
Θ
`(Θ) + β · ‖Θ‖1 , (10)
where term ‖Θ‖1 denotes the sum of the L1-norm regularizer of all the involved variables in the
model and β is the hyper-parameter weight of the regularization term.
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